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XFREMLI X = [X17X2]/, IRE (X12) < oo, E (XQQ) < 00, FR#ECauchy-Schwarz

AEKX,
E|X1Xs| < \/E|X1PE|X2)* < 0o
BIX0 Xom AR, FRATT0T DLE A BEALAE B J5 22 (covariance) :
C (Xl,Xz) =E[(X1 - E(X1)) (X2 — E(X2))]
[

XlXQ —E (Xl) X2 — XQE (Xl) +E (Xl)E (X2)]
X1X2) = 2E (X1) E (X2) + E (X1) E (X2)

X1X3) — E(X1)E(Xy)
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0000000000000

UV R

Vi 5 B o 7 22
B BT, BENLAREX = [X1, Xo] Wb 224

C(X1,X2) =E(X1X3) —E(X1)E(Xs) = §_5 x o :Z

Gk B



P77 ZEVE

C(aX1+b,cX2+d) = acC (X1, X2)

WRimE X, A

C(aX1 +b,cXs +d) = E[(aX1 +b) (cXa + d)] — E (aX1 + b) E (cXz + d)
=E (acX1 X2 + adX; + bc Xy + bd)
—acE (X1)E (X2) — adE (X1) — bcE (X2) — bd
=ac[E (X1 X2) — E(X1)E (X2)]
= acC (X1, X2)

Gk B
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R R EL

BT AT LU 05 25 58 SCH BRI R R B (correlation coefficient) BUARBZ/RARMHK R

¥ (Pearson correlation coefficient) :

(C(Xl,Xg)
V(X1) V(X2)

PX1,X2 =

iy

C (X1, Xp) = E[(X1 - E (X1)) (X2 — E (X))]
<E|(X1 —E(X1)) (X2 - E(X3))]

< \/Ey X, — E(X1)PE|X; — E (Xy)?
V(Xl)V(Xz)

ﬂ‘%n_l S le,XQ S 10
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BTy

e Mpx, x, =£1, AP (X =c1 X1 +c2) =1,¢c1 #0, WX X2 BIFTFE
SERMEMERR

o WMfpox, x, >0, FAVPREENIE R XX IEM R, FZFRA TR

* IRox, x, =0, WATREHIAE B X FIXo AR (uncorrelated) |, 3
FX1 L Xoo




W5 2 SR R 5L

00000e0000000

BTy

T RIX LA G RS br F R B R T RS 52 R R MEAE R . AR RELGE T
FEARBRE B BEVLAS B3 A JE LR MR A v
] B O 2R 5505 JEZe A 5%
C(Z,Y)=EZY — EZEY
=EZz3
=0

PIEA R RECN0, IR IRPE AEAER SRR VER R R




WRa, AERSE, YRZ h—chEtlER, BA4:

V (aX; + bXy) =

E (aX) + bX5)? — [aE (X1) + bE (X3)]?

E (a’X7 + b2X2 + 2abX1X>)

[ 2 4 % (E (X2))® + 2abE (X1) E (X2)
=a’V (X 1) + bQV (X3) + 2abC (X1, X5)
mEX L X, A

V (aX) + bXs) = a®V (X1) 4+ b?V (Xy)

Gk B
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0000000800000

UM

MBS TF—AFEYLER: X = [X1, Xo, ..., Xp]', FATATLLE LHERE

V(X) = [C(Xi, X;)]

V(X)) C(X1,Xs) - C(X1,X)
| CeX) V() o C(XaXy)
CXn X)) C(XoXa) o V(Xn)

it 7 Z4EFE  (covariance matrix) o B HIPh T 50 R S RREERE -




wﬁ%%%Mﬁ#
o ARHRDHTT HREIEROE L, 7 AR BT U TS
V(X) =E (X -EX)][X - EX)])
TEREX AR, AT

X1 —E(Xy)
X -E(X)= :
X, —E(X,)
WIi: E[X —E (X)][X — E(X)] =
(X1 —E(X1))? (X1 —E(X1)) (X2 —E(X2)) -+ (X1 —E(X1))(Xn —E(Xn))

(X2 —E(X2)) (X1 —E(X1)) (X2 — E(X2))? o (X2 —E(X2)) (Xn —E(Xn))
E . .

(Xn —E(Xp)) (X1 —E(X1))  (Xn —E(Xn)) (X3 —E(X3)) - (Xn = E(Xn))?




5 2% 5 A

W7 ZEFE R A

RGeS, A

V(X)

E[(X —EX)(X —EX)']
E[XX' - XE(X') - E(X) X' +E(X)E (X")]
E(XX')-E(X)E(X')
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0000000000800

T ZEHE R 1 e

o MRAEMRTT R E S, W TAEERndE e, FAM4:

[([c' (X — EX)])Q} >0

I b T7 Z2FE R — AR IEE R, BATIEAV (X) = 0.




s 26 56 R
0000000000080

T ZEHE R 1 e

o UXM R EAFFESE RN RN, BIFFE—A A Rafl
' X =370 ;X = OLMER UKL (P(d'X =0)=1) , NTEMR
AE(d'X) =0, A4

'V (X)a=E|([d (X ~EX)])*| =0

1H:El]‘ ST ST o

=, ﬁH%XEI’J/\E'ZIEUT?? STRMEMRR, WAV (X)IEEH-MR. iE
77V( ) >




P 5t
SR AR B R B T 25 P
St F—A LB IERE A cn . ARSERIRD = [by, ..., b)), B
V(AX +b) = AV (X) A’

L Apsn = [a1,a2, .., ap] LA b = [b1, ..., bs)", A:

V(AX +b) =E[(AX +b—E(AX +b)) (AX +b—E(AX +b))’]
E[(AX —E(AX)) (AX —E(AX))']

E[(AX — AE (X)) (X'A' —E (X") 4")]

E[AXX'A" - AXE (X') A" — AE (X) X' A" + AE (X)E (X') A']
AlE

AV

(X ) E(X)E (X)) &
(X)A

Gk B



WAL 1) 21 ok 7

BEATLIA B[ X 1, ..., X 8540 B M ST A 7 B4 R HL R A 40 A1 BRI T A T |
H

F (21, ..xn) =P (X1 < 21,.., X < 3n) = [[P (X < ) HFX ;)
mEREE R KEFEE, Ba:

f@y,mn) =[] fx, (@)

Gk B



X \X1] 23] 456 7]8 Fx, 7
YA N
AR AREE 25 15 N S
i 0 0 0 0 %6 1% (1) % 1‘%

o S U WA O S S

Fx, |16 |16 |16 | 16 | 76 | 76 | 16 Z“fXQ

f, |lElGlalElElwl>h=] 1

A0 fxy xo 7 fxi o fxas

Pt ABEN AR 8 X1 5 Xo AT




AR A 20 A PRI

Fyy (u,v) = min {u,v}, [u,v] €[0,1] x [0, 1]
Fyv (u,v) = u-v,[u,v] €[0,1] x [0, 1]

Hil Gy i 51 oAi, By (u) = u, Fyv (v) = v, RMHT:

Fuy (u,v) = min {u,v} # Fy (u) - Fy (v)
Fyv (u,v) =u-v = Fy (u) - Fy (v)

R 20K A 3 A5 R Fv (u, o) FRIRERILAS BEAS AR S, T AR F - (u, v) BEIBEATL
AR B ML o




s 26 50 6 R
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AL AE R A S

AT LAE B2 R ST 1

(X1, .o, Xp) A— BRI IS RIBENIAS R, 1<n <na <. <np=n, WNTH

B fi, fo, - fr, BEMLFIER

[fl (X17 an) 7f2 (Xn1+17 XNQ) P

iUpag=gith ey R VAU

7fk (Xnk_ﬁ-l: Xnk)},




Fxyw (z,y,w) = Fx (z) - Fy,w (y,w)
IABRMIRX 5 (Y, WM EMA, iIEhX 1L (Y, W),

AT LAR B2 702 AR ST

MRX UL (Y, W), #aX LY,

R E S,
X 1L (}/,W) <~ FX,Y,W =Fx 'FY,W

NI)

Fxy (z,y) = Fxyw (z,y,00) = Fx (z) - Fy,w (y,00) = Fx (z) - Fy (y)




by FEATL AR B3R AR A 3 2
WSRFELIEEX = (X1, Xo) I8 X X o A0 B BATRL, FRA4
E (X1X3) = E (X1) E (X3)

VASRNITES

o MY I Z, HFELHLE, B4

C(X1,X2) =E(X1X5) —E(X1)E(X2) =0

o H—, WRY U ZWg (Y) 1L h(Z), AiC(g(Y),h(Z)) =0,




Jih 37 EATL AR 2RI R £ PRI
INARBENLIA R X = [X,, ..., X B0 BAH S, HAR R = (a1, ..., 0], 18

Sn = G,/X = iale
i=1

TR 2 FE - R .
Mg, (t) = HMXi (a;t)
=1




sy 5 A

M7 5 AR
TR X R X0 B, H 7 24878, IBAC (X, X2) =0,

ANHH R 5 ST
SR BRI R, AAH R I A R ML
o thim, Y =227Z~N(0,1)
o YRIZZIRIAMRK, HREY = Z21EEEEMBRER R, RPN AL
o StfR b, WRY UL Z, BAYMZMEREEREg (V)R (Z)Z [81# 1% 2 ST
#, Blg(Y) AL h (Z)TC (g(Y),h(Z)) =0
o AINSRY 1L Z, HAY FIZ BT R KRB [ R %2 A AH G |
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©0000000CTI

A

o &Y, X']" € R g—ABEHLI R, Qi i REAL I B X P LA B 2
o FRBH, WiRRE AN XA (X), ALY 28R F5N.
o YEgiitr, FATFRX KB AMEIH (regression)

o LLECH LGS MU T 2 (mean squared error) :

min {E (v — h(X))?] }

heL?

12 = {hyh .R"” 5 R,E [(h(X))ﬂ < oo}
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0000000 0CTI

A

o ESRETc = Y — ho (X), ATHEHUAR X MIERRNY (X), RA1E:
Ele-g(X)] =0

° WRLG(X) =1, WaFATAH

ES]ii]
* Ele- g (X)] = 0FEBRE

Ble L g(X)o




S pE

[e]e] lele]elelele1TisID)

AT HER
o N SOIEKIER . WRAFAE (X)ERE [e- g (X)] # 0, ABAFATL
_ E [eg (X)]
HHRE 4, #: B (Y —h (X)) <E[(V = ho (X))?]. Hho (X)Re/ME
T RETE .
o TR (X)RYHEX FRIEASH (orthogonal projection)
Y

e

1




Z A

[e]e]e] leo]elelele1TisID)

e
® FAVHGE,

E(Y) = argmin {E(Y - ¢)*}
o il B, AT LUE VI RY 45 % X 43 (conditional expectation) :

B (Y |X) = ho (X) = arg min, {E (v~ h.(X))"] }

T REALAE B Y 25 5€ X 55 A ERE (VX)) 2 — AN R T X I R 4L
* E(e)=E[Y —E(Y|X)] =0, \imALMEZEH (law of total expectation) :

EY)=E[E|X)]
FERFIE (VXU X B eR%L, ALl ARl BLE

B(Y) =E[E(VIX)] = [ BYIX)dFx




Z A

[e]e]e]e] lelelele1y)

FAFHIE %%w

o HHEE W] DIE U WAL H A5 B A R AR T0m R R RSO Y BEAT i,
S S R R ) -

_ - 2
E (Y]|c) = arg min {IE [(Y —c) } }
o XHHLEIRE

© JEEA B R — A REATLAR B R S O T

° ﬁgiﬂ’ﬂ—/l\ifﬂﬁﬁﬁtézl‘ﬂE‘J%F‘rﬂ?iﬁiiﬁ

° 0:

o MRLEFHAITHIEERONF . T4 ER A, SRR
(LT R0 7
o UM BRI 602 2 R R i 2T




Z A

[e]e]e]e]e] lelele1visIv)

FAFINE : EHUEE

MRED € {0, IMRFEMEA, 0OREL M. IREFIE, EY AN, IR, E4
MARK, f

EY ~ (D) = poE ([¥ = h (D) |D = 0) + piE ([Y = h(D)*|D =1)
=B ([Y = R (O |D =0) +pE ([¥ —h ()]’ |D =1)

Heipg =P (D =d), \TiEAMEE[Y — h (D)% 4 F53 il
WE ([Y —h(0)2|D = o);zE ([Y —h)?|D = 1) :

o tban, eEPAT BRI TPEEENTON T, P ot PR E 5028 1
* M4

E(Y|D=1) =70
E(Y|D = 0) = 50

R AE B 7 A ER




Z A

[e]e]e]elo]e] Jole1TisIv)

FATAE : EEHIE

g3, MRKNEED - NEREBXAESETR, 24
E(Y|X) = arg mm {E [ }}

H— A RFNH BRIE -
o b, WARIATHAET LIREE B (X)
o AT DMBRABLIRAT TR B — HE NP Ig R, 4

E(Y|X = 170)

B R 2 A




S A B AT S

XT FAERK AT NESg (X), FAHEAI TR

Elg (X)|X]=g(X);

E[(Y — E(Y’X» 9(X)] =0;
E(Y)=E[E{|X)] = [RE(Y|X)dFx;
E[(g(X ) )’X] =g (X)-E(Y[X);

E (aYs + bY2|X) = o (V1| X) + bE (Ya| X).
E[E (Y|X1, X2) [ X1] =E(Y|Xy)




IR

00000000eTHW

EAGYEE 23 5

BRI LN, (law of iterated
expectation )

RJE—FEWE, WRBATFEIIA
RY, BIERMZEN (X, Xo) B¥E,
FEXAS K23 18] A —AS /N 725 1] |

(X1) EFFFHROE . 5 EExA /MY E(Y X))
25 ] E TR AR S : X,




IR

000000000WOW

FAT R RV

HRAT 2R ALK

BB R R ERRAT I ABURMIAR AN ~ P (N), TR BEERATHIN . IhEEsh
{55 IR Jap. IR AL BB NEN . FpBEANI 55 BB M R A — T 534
BIMIN ~ Bi(N,p),N ~ P (N)o HRAEERFKIRATININIM S5 NBLH L -

E (M) = E[E (M|N)] = E (Np) = pE (V) = pA




S pE

00000000

PE AT

o HEEIFMAKNAEMBE, B HGEAHEHETY, B4
E(Y]|c)=c" _argmm{ [ 0)2]}

o AUARIAIBAX, HEERAFELBMY, ILAFRNEF2Y PR

o IARAHABREY AR X, HEE (YV[X) =E(Y), HBAXXYHBMER A TG
N, BT —ANEHOMAEX W RREL, RRATIRY X X BES L (mean
independence) ],




IR

000000000THW

P{EHST.
o WYL RLY WX RS A

C(X,Y)=E(XY)-E(X)E(Y)

=E(E(XY]X)) -E(X)E(Y)

=E(XE(Y|X)) -E(X)E(Y)

—E(XE(Y))-E(X)E(Y)=0
FETIRELAS B Y FIX SRR . RZ WAL, AHRIFA—E B E
IR EVAS

o szhr b, ALUEM, C(9(X),Y) =0, BY XX EHEM7HEREY 5XH

LR BRI AR R o

o R A—EIER, HC(g(Y),X) =0 ML
oY =2227~N(0,1)




M T7 2=
o FHNEY, FRABER L AT 2
V(Y|X)=E [(Y CE(Y]X))? |X}

o HRE S AT A B
V(Y|X)=E[(Y —E(Y]|X))? \X}

[ E(Y]X)]? —QYE(Y\X)} |X}

(v?2 ]X)JrE{ E (Y|X)]? |X}—2E[YE(Y]X) IX]

(V?|X) + [E(Y|X)]” - 2B (Y|X) E[Y|X]

(

E
E

—E
E
E (Y?|X) - [E (Y] X))?
E

H*%M%vm?(ﬂX&mX% ﬁ




4f

[e] lelelelele]e]

FATTT ST %

277 ZE M (law of total variance)
V({Y) =E[V(Y]X)]+V[E(Y]|X)]




HRAT 2R B T3 25
TERRATBR NBL G- +b . T DAGH G4 R B AMI L 55 B N BER 7 22 -

V(M) =V (E(M|N)) +E(V(M[N))

HAE (M|N) = Np, K
V[E (M|N)] = V(Np) = p?V (N) = p°A
MV (M|N) = Np (1 —p). i
E(V(MIN)) =E(Np(L—p)) = p(1-p)

LNI0)

V(M) =p*X+Xp—p? = Ap




FAFM T 2

o ILAMNRATIETT LLUE LA J5 % (conditional covariance)
C(Y1,Y2|X) = E[(Y1 — E(Y1]X)) (Y2 — E (Y2| X)) | X]
o [RAEARYE SR AR T, A
C (Y1, Y2|X) = E (V1Ya|X) — E (V1| X) E (Y| X)
DLR At (law of total covariance)

C (1, Y2) = E[C (Y1, V2| X)] + C[E (V1]X) , E (V2| X)]




S

[e]ele]e] Jolele]

FAFARAR

* WIRC (Y1,Y2|X) =0, AJLIRYLFIY245 € X &AM (conditionally
uncorrelated) , £ AY; L V5| X,
* FAFAMRERETEXMERFAT, Y1, Yo Z 2 AR
o WITHHY; L Y5IX, C[E(V;X),E (V| X)[ AR H0,
T 25 At ASAH R FEAS BBRAE AR




>R

FAFAH R AR

ﬁn%@%ﬁ—/{* S RFREE S = g (X) + Z1, PFREY: = f(X) + 22,
Hep XOhRZARE DR, (21, Z2) L Xﬁ%ﬁﬁkfmé’]%m?ﬁc HZ 1 Zs,

i 273
E(Y1Y2|X) =E[(9(X) + Z1) (f (X) + Z2) | X]
=E[g(X) f(X)+9g(X)Z2+ Z1f (X) + Z12:|X]
=g (X)f(X)+g(X)E(Z2) + f(X)E(Z1) +E(Z122)
[i5) Hsf

E1[X) E (Y2|X) = [g (X) + E (Z1|X)] [f (X) + E (22| X)]
g (X) +E(20)][f (X) + E (22)]




SR

oAt AN 2% 5 AR 2
NI
C (Y1, Y2l X) = E (Vi Ya|X) — E (V1| X) E (Yl X)
=E(Z1Z2) —E(Z1)E (Z)
=0

C(Y1,Y2) =E[C (Y1, Y2|X)] + C[E (Y1]X), E (Y2|X)]
Clg(X) + Z1, f (X) + Z2]
=C(g(X),f(X))

WBH AN, HIXABE , LA YNBSS 52 402 3L R I 55 AR BE X 30

Y — LA AR, AR B ST AR T

SR AR




BY =Y, .., Y| BRI &L, SEph 75 22580 T DL A

V(YX)=E{E[Y -E(Y|X) | X]E[Y - E(Y|X) |X]'}
—E(YY'|X) —E(Y|X) (Y'|X)

V(¥iX) CW,YelX) -+ C(W,Y|X)

CYe,11|X) V(¥|X) .-+ C(¥2,Yy|X)




Z AL
#00D00000ABDO0000

Ao AT

o M FREINLIA Y, X7, RATCHREHMLA (X) = 1{X € A}, XRE—AH
PUER XA REL, P

EQY -14(X)) =E[E Y14 (X)[X)] =E[ls(X)E(Y]X)]

* HX.Y € ZEMHAMIVER, MaBNLA={z}.

E(Y-1{X =2}) =E[1{X =2} E(Y|X)]
—E[1{X =2} E(Y|X = )]
—E(Y|X=2)-P(X =)




SAF oA
0e®0000000TEDOO000

ZAT R U PR

L NI)
E(Y -1{X =z}

E(Y|X =x)=ho(z)=

P(X =1z)
SR lk P =k X =a)]
P(X—x)
ik‘ —k X:E)—x) W

k=0




SAF oA
QUeD00000ABDOO000

ZAT R U PR

o fRid N 4
P(Y = kX =) = <P(_X’:$)_”3)
A LABGIEP (Y = k| X = 2) > 0H.
> ZP(Y=FkKX=n2) e oP (Y =k X =)
P(Y = kX = - =1
g;( X =2) Z; P(X :) P(X = 2)

MIMTP (Y = k| X = ) MR PR RS, BN TPRH 5 A SRR i oK

¥ (conditional probability mass function) |,




Z A4
0O0T®00000ABDOO000

FAFHE

o W HESAMEEYLAR(X,Y), "TLHIER

E (Y]X = 2) = hy (z) = 222 00 W yfx(fg) ¥ /R y?f{x(j)) dy ©

o MFE[Y —E(V[X)] =0, M
/R[y—ho(x)]f(x,y)dy=0

° MEr, ALl LAFRWRE

/ uf (@,y) dy = ho (2) / £ (@y) dy = ho (x) fx ()
R R




2R A B PR

° USRI
(z,y) __ f(=zy)
( ) ﬁRf(xvy)dy

fY|X(Z/|$) J;
O ﬁIEl%ﬁﬁEfny(ykE)>>0I1
f(z,y) J f (z,y) dy
dy= | L \BY) g JRI\BYCY
[ ix Gl /RfRf(x,y)dydy A

M fyx (yl2) Ho A — A2 BE BRI
o WATEfy | x (ylo) & LR E % (conditional denstiy function)

Gk B



Eapll

[vis1viole] Jeleleleiain]e]e]e]e]e]

o Fitxt T RN B S AL RV R, sE TR G . ARk
FATHG 2 AR 2R o B PR KSR 2% 1 5 B R B SR O 2 1 B PR Sy x () o
o RFEROFMKQ), FKAE L

E(Y]X =) = /R v+ Fyix (ulz) dy

PEATEAR, BRI A R BT S SR R A R 2R




Z AL
0OTDO0®00ABDOO000

SRAT oA PR

A3 AT PR AR
*EF R RY, X', S50 B AE LA

Fyix (yle) =P (Y <y|X =2) =E(1{Y <y} [X =2)

* MRAEX =2, YRS ERE N Fyx, FAVRY 45 XS040 A Fy x5
EAY|X ~ Fy|xo

o MM T Fyx I E (BE) RBuEFMHE (FE) K.

o [hin, MIN ~ Bi(N,p)Bp&&orAn: BENBCINIIEOL T, MP)srAh S Z 5
éj\ﬁo

o ERFAFMMETRAMAAMHIRKA], FAE0A0 5 TR A0 T Lo S8 2 AN R
WA~ I3 A !




R I

PRAT NEE TE S A E 00 A7

J‘H/{\Q“VB% (N,p), N ~P(N), WRTHHEMBTEAAFAG . ARYEA AR TR A%
X




AT NETE S50 A7
Wl M fEx = 0L ZE MR I




Z AL
QOTDO0000EBDOO000

AT oA 5 TR A oA

o TERAE LI AR T MR A Kl i M N B AE AL B TR 2% A 23
£ M ) To A0 o
o TR R BB R A8 -

fr (y) = /R frix W) fx () dx

il X — AT DLE Y | X 2 18 B 5 X T A B HE S N Y I T A
JE o




Sl

[vis1violelelelelele] 1a]e]e]e]e]e]

LIRS SL R YA
o WIRFEVIA BEXFY emsrny, A
flz,y)  fx(x)- fy(y)

frix (ylz) = (@) Fx (2) = fr (y)

RPN BERLAS B SE Y R Bk AR fy ) x = fro
o EMSLHISRAET

E(Y]X) = /Ry-fm (y]z) dy = /Ry-fy (y)dy =E ()

A SR BEATLAS S X FNY S sr ), B A H— e RIS E ML .

o RZMARESr. MY |X ~ N (0,X2), BMFEE (Y|X)=E(Y)=0, {2
BV (Y[X) = X2 £ V(Y), RiirkE—EZRV (VX)) = V(Y), AiHE
ST ST




Z AL
QOTDO0000ABMOO000

ST 5 P {E 57

M7 SEBSE A AR5 5% 2R
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